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1. Introduction 
Spectral geometry is a branch of mathematics that examines the relationship between the geome-
try of a manifold and the spectra of certain differential operators defined on this manifold. In the 
present paper, we consider the Hodge-de Rham Laplacian Δ  that acts on conformal Killing and 
projective Killing one-forms of a compact Riemannian manifold. These forms are dual to well 
known conformal Killing and projective Killing vector fields, respectively. 
It is known that the Lie algebra of group infinitesimal conformal transformations of an n-
dimensional (n ≥ 3) connected Riemannian manifold can be realized as the space of conformal 
Killing vector fields and has dimension r ≤ ½ (n + 1)(n + 2). On the other hand, group infini-
tesimal projective transformations of an n-dimensional (n ≥ 3) connected Riemannian manifold 
can be realized as the space of projective Killing vector fields and has dimension r ≤ n(n + 2). 
Hence, the corresponding eigenvalues of the Hodge-de Rham Laplacian  constitute two finite 
discrete spectrums. In the paper, we find lower and upper bounds of these spectrums.  
Δ
 
2. The projective Killing form as an example of eigenforms  
of the Hodge-de Rham Laplacian  
 
Let (M, g) be a connected Riemannian manifold of dimension n ≥ 2 with the Levi-Civita connec-
tion . If a transformation of (M, g) preserves geodesics then it is called a projective transfor-
mation. Let ξ be a vector field on (M, g) and 
∇
{ }tϕ  be a one-parameter group of local transforma-
tions generated by ξ. The vector field ξ is called a projective Killing vector field or an infinitesi-
mal projective transformation if its one-parameter group of { }tϕ  consists of local projective 
transformations (see [1, pp. 227-230]).  
We define a projective Killing form ω  by the condition ( ) ( )X,gX ξω =  for an infinitesimal pro-
jective transformation ξ  and an arbitrary smooth vector field X  on (M, g). This means that ω  is 
dual to the vector field ξ  with respect to the metric g. The projective Killing form ω  satisfies 
the following system of differential equations (see [1, p. 228])   
( )( ) ( ) ( ) ( ) ( ) ( ) ( )Z,XgYY,ZgXY,XgZZ,Y,X ϕϕϕ ++=Φ∇ 2                        (2.1) 
for ( ) ( )( ) ( )( )X,YY,XY,X ωω ∇+∇=Φ  and ( ) ωϕ ∗−+−= ddn 11  where d is the operator of exte-
rior differentiation and d* is the codifferentiation operator, which is the formal adjoint to d. We 
have the following theorem. 
Theorem 1. Let (M, g) be an n-dimensional (n ≥ 2) compact and simply connected Riemannian 
manifold (M, g) which admits an infinitesimal projective transformation ξ  such that ωλω =Δ  
for the one-form ω  dual to ξ  and a real positive numberλ . Suppose that ρ  and Ρ  are the 
smallest and the largest eigenvalues of the matrix Ric  on (M, g) then 
( ) ( )Ρпп 1122 1 −+≤≤ −λρ . If the equality ρλ 2=  is attained then ξ  is a Killing vector field. On 
the other hand, if the equality ( ) ( )Ρпп 112 1 −+= −λ  is attained then ξ  = grad f  for some smooth 
scalar function f : M → ℝ. Moreover, if the condition ( ) fпf α12 +=Δ is satisfied, then (M, g) 
is isometric to a Euclidian sphere of radius α1 . 
Proof. Yano has proved (see [2, p. 45]) that an arbitrary projective Killing one-form ω  satisfies 
the equation  
( ) ( ) ωξω ∗−∗ ++=Δ ddnRic 1122                                              (2.2) 
where  is the well known Hodge-de Rham Laplacian and  is a symmetric 
algebraic operator which is defined by the following condition 
dddd ∗∗ +=Δ ∗Ric
( ) ( )( )X,RicgX,Ric ξξ ∗=  for the 
Ricci tensor Ric and an arbitrary vector field . It is obvious that the equation (2.2) 
can be rewritten in the form  
TMCX ∞∈
( )( ) ( ) ( ) ωξω ddnRicпп ∗−∗− −+−+=Δ 11 12112 .                                  (2.3) 
Let a positive number λ  be an eigenvalue of the Hodge-de Rham Laplacian  such that the cor-
responding eigenform one-form 
Δ
ω  is a projective Killing form, i.e. ωλω =Δ . If we assume that 
(M, g) is compact and the Ricci tensor Ric is positive then there exist two positive numbers ρ  
and Ρ  which are the smallest and the largest eigenvalues of the matrix Ric  on (M, g). In this 
case we have the following inequalities ( ) ( ) ( )Х,ХgΡХ,ХRicХ,Хg ≤≤ρ  for an arbitrary vec-
tor field . Further, from these inequalities and the equations (2.2) and (2.3) we can 
obtain the following inequalities 
TMCX ∞∈
( ) ( )Ρпп 1122 1 −+≤≤ −λρ .  
If we suppose that the equality ρλ 2=  is attained then from (2.1) we obtain that , 
and hence ξ  is a Killing vector field (see [2, p. 46]). On the other hand, if the equality 
 is attained then from (2.3) we obtain that dω = 0. We recall here that the 
first Betti number b
0=∗ωd
( ) ( )Ρпп 11 1 −+= −λ
1(M) = 0 for a compact manifold (M, g) with the positive definite Ricci tensor 
Ric (see [2, p. 42]). In this case, Ker d = Im d, and hence df=ω  for some smooth scalar func-
tion f : M → ℝ. At the same time from the equations (2.1), we conclude that the function f satis-
fies the following system of differential equations of order three 
( )( ) ( ) ( ) ( ) ( ) ( ) ( )Z,XgYY,ZgXY,XgZZ,Y,Xf ϕϕϕ ++=∇ 22 3                        (2.4) 
where . For the case ( ) fdп Δ+−= −11ϕ ff μ=Δ  where μ  is a positive constant we can re-
write (2.4) in the form 
( )( )+∇ Z,Y,Xf3  α ( ) ( ) ( ) ( ) ( ) ( )( )Z,XgYdfY,ZgXdfY,XgZdf ++2  = 0.            (2.5) 
where =α  ½ . Simultaneously, we recall (see [3]) that a complete connected and sim-
ply connected Riemannian manifold (M, g) of dimension n ≥ 2 which admits a non-constant so-
lution f satisfying the differential equation (2.5) is globally isometric to a sphere ( , g
( ) 11 −+пμ
nS 0) of ra-
dius α1  in the Euclidian space ℝn + 1.  The theorem is proved. 
Remark. It is well known that the second eigenvalue 2μ  of the Laplacian which acts on 
smooth scalar functions  :  → ℝ for an arbitrary sphere ( , g
∇=Δ ∗d
f nS nS 0) of radius α1  is  
( )αμ 122 += п  and each eigenfunction f corresponding to ( )αμ 122 += п  satisfies (2.5). In our 
case from the system of differential equations (2.5) we also deduce that ( )αμ 12 += п . 
 
3. The conformal Killing form as an example of eigenforms  
of the Hodge-de Rham Laplacian 
 
Let (M, g) be a connected Riemannian manifold of dimension n ≥ 3. Conformal Killing vector 
fields can be considered as a natural generalization of Killing vector fields. They are also called 
infinitesimal conformal transformations because any conformal Killing vector ξ generates a local 
one-parameter group { }tϕ  of local conformal transformations of (M, g).  
We define a conformal Killing form ω  by the condition ( ) ( )X,gX ξω =  for an infinitesimal con-
formal transformation ξ  and an arbitrary smooth vector field X  on (M, g). The conformal Kill-
ing form ω  satisfies the following system of differential equations (see [1, p. 228])   
( )( ) ( )( ) ( ) 02 1 =+∇+∇ ∗− Y,XgdпX,YY,X ωωω                                (3.1) 
for arbitrary smooth vector fields X and Y on (M, g). We have the following theorem. 
Theorem 2. Let (M, g) be an n-dimensional (n ≥ 2) compact and simply connected Riemannian 
manifold (M, g) which admits an infinitesimal conformal transformation ξ  such that ωλω =Δ  
for the one-form ω  dual to ξ  and a real positive numberλ . Suppose that ρ  and Ρ  are the 
smallest and the largest eigenvalues of the matrix Ric  on (M, g) then . If 
the equality  is attained then ξ  is a Killing vector field. On the other hand, if the 
equality 
( ) Ρпп 21 1 ≤≤− − λρ
( ) ρλ 11 −−= пп
Ρ2=λ  is attained, then (M, g) is conformally diffeomorphic an Euclidian sphere ( , 
g
nS
0). Moreover, if the condition fпf α=Δ is satisfied, then (M, g) is isometric to an Euclidian 
sphere of radius α1 . 
Proof. Lichnerowicz has shown (see [2, p. 47]) that a necessary and sufficient condition for ξ  to 
be a conformal Killing vector field on a compact Riemannian manifold (M, g) is  
( )ξω ∗=Δ Ric2  −  ( ) ω∗− ddп21  = 0                                        (3.2) 
for the 1-form ω dual to the vector field ξ  with respect to the metric g. The 1-form ω  will be 
called conformal Killing form. It is obvious that the equation (3.2) can be rewritten in the form  
( ) ( )+−=Δ ∗− ξω Ricпп 11 ½ ( ) ( ) ωddпn ∗− −− 21 1 .                                  (3.3) 
Let a positive number λ  be an eigenvalue of the Hodge-de Rham Laplacian  such that the cor-
responding eigenform one-form 
Δ
ω  is a conformal Killing form, i.e. ωλω =Δ . We assume that 
(M, g) is compact and the Ricci tensor Ric is positive. In this case there exist two positive num-
bers ρ  and Ρ  which are the smallest and the largest eigenvalues of the matrix Ric  on (M, g). 
In this case we have two inequalities ( ) ( ) ( )Х,ХgΡХ,ХRicХ,Хg ≤≤ρ  for an arbitrary vector 
field . Further, from these inequalities and the equations (3.2) and (3.3) we can ob-
tain the inequalities .  
TMCX ∞∈
( ) Ρпп 21 1 ≤≤− − λρ
If we suppose that the equality ( ) ρλ 11 −−= пп  is attained then from (3.2) we obtain that 
, and hence ξ  is a Killing vector field (see [2, p. 46]). On the other hand, if the equality 0=∗ωd
Ρ2=λ  is attained then from (2.3) we obtain that dω = 0. At the same time from the equations 
(3.1), we conclude that the function f satisfies the following system of differential equations of 
order two  
( )( ) ( ) 012 =Δ+∇ − Y,XgfпY,Xf                                              (3.4) 
for arbitrary smooth vector fields X and Y on (M, g). According to [4], the existence of such a 
non-constant smooth function f means that the compact manifold (M, g) is conformally diffeo-
morphic to a sphere ( , gnS 0) in the Euclidian space ℝn + 1. 
For the case ff μ=Δ  where μ  is a positive constant we can rewrite (3.4) in the form 
( )( ) ( ) 012 =⋅+∇ − Y,XgfпY,Xf μ .                                             (3.5) 
In this case (M, g) is globally isometric to a sphere ( , gnS 0) of radius μп  in the Euclidian 
space ℝn + 1 (see [5]). 
Remark. We recall that the first eigenvalue 1μ  of the Laplacian which acts on smooth 
scalar functions  :  → ℝ for an arbitrary sphere ( , g
∇=Δ ∗d
f nS nS 0) of radius α1  is =1μ nα  and 
each eigenfunction f corresponding to =1μ nα  satisfies the following system of differential 
equations  Simultaneously, from (3.5) we deduce that .gff 00
2 =⋅+∇ α αμ п= . 
4. Appendix 
Tanno’s rigidity theorem (which has various important geometric applications) as state below is 
well-known (see [3]). 
Theorem 3. Let (M, g) be a complete and simple and simply connected Riemannian manifold. If 
(M, g) admits a non-constant function f satisfying the following system of differential equations 
of order three 
( )( )+∇ Z,Y,Xf3  k ( ) ( ) ( ) ( ) ( ) ( )( )Z,XgYdfY,ZgXdfY,XgZdf ++2  = 0.            (4.1) 
for some positive constant k and arbitrary smooth vector fields X, Y, Z, it is necessary and suffi-
cient that (M, g) is isometric to a Euclidian sphere  of radius nS k1 . 
Now we transform (4.1) to the following system of differential equations  
( )( ) ( ) ( ) ( )( ) ( ) ( )( ) ( ) 023 =+++∇ Z,XgYZY,ZgXZY,XgZZ,Y,Xf ϕϕϕ             (4.2) 
for ( ) fdп Δ+= 12
1ϕ . Next, we express the assumption that the following generalized Tanno 
theorem holds. 
Theorem 4. Let (M, g) be a complete and simple and simply connected Riemannian manifold. If 
(M, g) admits a non-constant function f satisfying (4.2), then (M, g) is conformally diffeomorphic 
to a Euclidian sphere ( , gnS 0).  
The generalized Tanno theorem is consistent with the statement of the Tashiro theorem (see [4]). 
We note that the proof of this theorem we do not know, but in this case our Theorem 1 can be 
rewritten in the following complete form. 
Theorem 5. Let (M, g) be an n-dimensional (n ≥ 2) compact and simply connected Riemannian 
manifold (M, g) which admits an infinitesimal projective transformation ξ  such that ωλω =Δ  
for the one-form ω  dual to ξ  and a real positive numberλ . Suppose that ρ  and Ρ  are the 
smallest and the largest eigenvalues of the matrix Ric  on (M, g) then 
( ) ( )Ρпп 1122 1 −+≤≤ −λρ . If the equality ρλ 2=  is attained then ξ  is a Killing vector field. On 
the other hand, if the equality ( ) ( )Ρпп 112 1 −+= −λ  is attained then (M, g) is conformally dif-
feomorphic to a Euclidian sphere ( , gnS 0). Moreover, if the condition ( ) fпf α12 +=Δ is satis-
fied, then (M, g) is isometric to a Euclidian sphere of radius α1 . 
The new formulation of our Theorem 1 is consistent with the statement of our Theorem 2. 
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